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This work is based on ideas of Somer and Krˇížek on the digraphs
associated with the congruence ak ≡ b mod n. We study the power
digraph whose vertex set V f is the quotient ring A/ f A and edge
set is given by E(k)f = {(g¯, g¯k): g¯ ∈ A/ f A}, where A = Fq[x], k > 1
and f ∈ A is a monic polynomial of degree  1. Our main tool is
the exponent of the unit group (A/ f A)∗ and we obtain results on
cycles and components parallel to those of Somer and of Krˇížek.
This paper also generalizes the previous work on the digraph
associated to the square mapping by the authors. In addition, we
present some conditions when our digraphs are symmetric.
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1. Introduction
Let Fq be the ﬁnite ﬁeld with q elements, where q is a power of a prime p. Write A for Fq[x].
Let f be a monic polynomial of degree  1 in A. Recall that A/ f A is a commutative ﬁnite ring with
qdeg f elements. We denote its unit group by (A/ f A)∗ = {g¯: g ∈ A and gcd(g, f ) = 1}. The gcd(g, f )
means the monic common factor of g and f of highest degree. Set | f | = |A/ f A| = qdeg f .
For k 2, let G(k)f be the digraph whose vertex set is the set V f = A/ f A and the edge set is given
by
E(k)f =
{(
g¯, g¯k
)
: g¯ ∈ A/ f A}.
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G(k)f with | f | vertices also has exactly | f | directed edges. This digraph is deﬁned by following ideas of
Somer and Krˇížek [3] who studied the structure of digraphs G(n,k) associated with the congruence
xk ≡ y mod n. Their digraph G(n,k) has the ring of integers modulo n, Zn , as a vertex set V and there
exists a directed edge from a ∈ V to b ∈ V if b ≡ ak mod n.
The exponent of a ﬁnite group G , expG , is the least positive integer n such that gn = e for all
g ∈ G . It plays the role of the universal order for the ﬁnite group. Note that expG divides |G|. We
recall properties of the exponent of a group in the following theorem.
Theorem 1.1. Let G be a ﬁnite group.
(1) expG = lcm{o(a): a ∈ G}, where o(a) is the order of a in G.
(2) If G = G1 × G2 , then expG = lcm(expG1,expG2).
(3) If G is abelian, then there exists a g in G such that o(g) = expG.
For a monic polynomial f , we let λ( f ) = exp(A/ f A)∗ , the exponent of the unit group (A/ f A)∗ .
In this work, we study the digraph G(k)f , deﬁned above. We use the exponent as the main tool and
obtain results analogous to the work of Somer and Krˇížek for the structure of our new digraphs.
The paper is organized as follows. A result on semiregularity is studied in Section 2 using the
number of the kth roots of 1. Section 3 covers theorems on cycles and structure of components of the
digraph G(k)f . Some conditions under which our digraphs are symmetric are discussed in Section 4.
The ﬁnal section gives two examples of kth power mapping digraphs demonstrating the results in the
previous sections.
2. Semiregularity
A component of a digraph is a subdigraph which is a maximal connected subgraph. The indegree
[resp. outdegree] of a vertex g ∈ V f of G(k)f , is the number of directed edges entering [resp. leaving]
the vertex g and denoted by indeg(k)f g [resp. outdeg
(k)
f g]. The deﬁnition of G
(k)
f implies that the
outdegree of each vertex is equal to 1. This results in the fact that each component has a unique
cycle. Its proof is similar to the one given for Theorem 1.1 of [2].
A t-cycle is a cycle of length t and we assume that all cycles are oriented counterclockwise. We
call a cycle of length one a ﬁxed point. For an isolated ﬁxed point, the indegree and outdegree are
both one. The distance from a vertex g ∈ V f to a cycle is the minimum length of the directed path
from g to a vertex in the cycle.
A graph is regular if all its vertices have the same degree. The digraph G(k)f is said to be semiregular
if there exists a positive integer d such that each vertex of G(k)f either has indegree 0 or d.
Next, we deﬁne two disjoint subdigraphs G(k)f ,1 and G
(k)
f ,2 of G
(k)
f induced on the set of vertices
which are in the unit group (A/ f A)∗ and induced on the remaining vertices which are not invert-
ible modulo f , respectively. They may be called the unit subdigraph and the zero divisor subdigraph,
respectively. Observe that there are no edges between G(k)f ,1 and G
(k)
f ,2, that is, G
(k)
f = G(k)f ,1 ∪˙ G(k)f ,2.
We know the outdegree of each vertex is equal to 1. We investigate the indegree of vertices in
G(k)f and ﬁnd that G
(k)
f ,1 is semiregular.
Theorem 2.1. Assume that f is factored as f = Pe11 Pe22 . . . Perr and that p  k. If g is a vertex of G(k)f ,1 , then
indeg(k)f g = 0 or indeg(k)f g =
r∏
i=1
gcd
(|Pi | − 1,k).
In particular, the digraph G(k)f ,1 is semiregular.
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that s ∈ (A/ f A)∗ is a root of xk ≡ g mod f if and only if sh−1 is a root of xk ≡ 1 mod f . Hence,
the number of roots of any kth power residue in (A/ f A)∗ is equal to the number of the kth roots
of 1 modulo f , so indeg(k)f g = indeg(k)f 1. To determine indeg(k)f 1, it suﬃces to ﬁnd indeg(k)Pe 1 which
is a consequence of the next lemma in which the authors owe the proof to M. Rosen via a private
e-mail. 
Lemma 2.2. Let P ∈ A be an irreducible polynomial and e  1. If p  k, then the number of the kth roots of 1
modulo Pe is equal to gcd(|P | − 1,k).
Proof. The group (A/Pe A)∗ is an abelian group of order (|P |−1)|P |e−1. Recall that |P |e−1 is a power
of p whereas |P | − 1 is relatively prime to p. It follows from the theory of ﬁnite abelian groups
that as a group (A/Pe A)∗ is a product of a cyclic group of order |P | − 1 (isomorphic to (A/P A)∗)
and a p-group. A cyclic group of order |P | − 1 contains exactly gcd(|P | − 1,k) solutions to xk = 1
while a p-group contains only one solution, namely, x = 1. The desired result follows from these
observations. 
Remark. The structure of our kth power digraphs in the following sections will depend on the result
of Theorem 2.1 and thus we require the assumption p  k and may not be able to obtain some cases
as in [3].
3. Cycles and components
Throughout this section, let f be a nonconstant monic polynomial in A and suppose that
f = Pe11 Pe22 . . . Perr is its prime decomposition. Set λ( f ) = uv , where u is the largest divisor of λ( f )
relatively prime to k.
Notation. If R is the ring of integers Z or the ring of polynomials A, for each a,d ∈ R with
gcd(a,d) = 1, we write ordd a = t if t is the least positive integer such that at ≡ 1 mod d.
We also repeatedly use the following two facts.
(i) ordd(ab) = lcm(ordd a,ordd b), and (ii) ordd an = ordagcd(n,ordd a) for all n ∈ N.
Theorem 3.1. The following statements hold.
(1) There is a t-cycle in G(k)f ,1 if and only if t = ordd k for some divisor d of u.
(2) If g is an element of a cycle, then Peii | g whenever Pi | g. Furthermore, if g and h lie on the same cycle,
then Pi | g if and only if P i | h.
(3) If g is a vertex of a t-cycle, then ord f ∗ g = d, where f ∗ = f /gcd(g, f ), gcd(d,k) = 1, and ordd k = t. In
addition, if h is on the same t-cycle as g, then ord f ∗ g = ord f ∗ h.
Proof. Clearly, G(k)f ,1 contains the ﬁxed point 1 and ordd k = 1 when d = 1. Next, we assume that g is
a ﬁxed point of G(k)f ,1. Then
gk − g ≡ g(gk−1 − 1)≡ 0 mod f .
Since gcd(g, gk−1 − 1) = 1 and gcd(g, f ) | g , gk−1 ≡ 1 mod f ∗ , where f ∗ = f /gcd(g, f ). Hence, d =
ord f ∗ g divides (k − 1), so ordd k = 1.
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such that
gk
t ≡ g mod f .
Thus, we obtain
gk
t − g ≡ g(gkt−1 − 1)≡ 0 mod f .
Since gcd(g, gk
t−1 −1) = 1 and gcd(g, f ) | g , t is the least positive integer that gkt−1 ≡ 1 mod f ∗ and
therefore gcd(gcd(g, f ), f ∗) = 1. Hence we get Pi | g whenever Peii | g .
Now assume that g and h are in the same t-cycle of G(k)f . Then there exists an i ∈ {1,2, . . . , t} such
that
h ≡ gki mod f and g ≡ hkt−i mod f . (3.1)
It follows that Pi | g if and only if Pi | h.
Let g be an element of a t-cycle in G(k)f . Since g
kt−1 ≡ 1 mod f ∗ , we have gcd(g, f ∗) = 1. Let
d = ord f ∗ g . Then t is the least positive integer such that d | (kt − 1), so ordd k = t and gcd(d,k) = 1.
Moreover, d | λ( f ∗) by the deﬁnition of λ. Since f ∗ | f , λ( f ∗) | λ( f ), and so d | λ( f ). Thus d | u. Noting
that gcd(k j,d) = 1 for all j  0, we derive from (3.1) that ord f ∗ g = ord f ∗ h if g and h lie on the same
cycle in G(k)f .
It remains to show the necessity part of (1). Let t = ordd k for some positive divisor d of u. By
Theorem 1.1(3), there exists a vertex g ∈ A/ f A such that ord f g = λ( f ). Let h = gλ( f )/d . Then ord f h =
d. Since d | (kt − 1) but d  (kl − 1) if 1 l < t , we see that t is the least positive integer for which
hk
t−1 ≡ 1 mod f ,
so we obtain
hk
t ≡ h mod f .
Therefore, h is a vertex of a t-cycle in G(k)f ,1. 
We have some immediate consequences from Theorem 3.1.
Corollary 3.2.
(1) Every cycle in G(k)f ,1 is a ﬁxed point if and only if k ≡ 1 mod u.
(2) If there exists a t-cycle in G(k)f , then there exists a t-cycle in G
(k)
f ,1 .
(3) The subdigraph G(k)f ,1 contains a t-cycle if and only if there exists a positive odd integer d such that t =
ordd k and d | λ( f ).
Proof. (1) follows from the fact that ordd k = 1 for all divisors d of u if and only if k ≡ 1 mod u.
(2) It suﬃces to assume that there exists t-cycle in G(k)f ,2 and t > 1. Let g be a vertex of this t-cycle.
As in the proof of Theorem 3.1, we obtain
g ≡ 0 mod gcd(g, f ) and gkt−1 ≡ 1 mod f ∗. (3.2)
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that
h ≡ 1 mod gcd(g, f ) and h ≡ g mod f ∗. (3.3)
It follows from (3.2) and (3.3) that t is the least positive integer for which
hk
t−1 ≡ 1 mod f .
Thus, h is the element of the t-cycle. This proves (2).
(3) follows from (2) and Theorem 3.1(1). 
Theorem 3.3. Let f be a monic polynomial of degree n > 0 in A and suppose that f = Pe11 Pe22 . . . Perr is its
prime decomposition. The zero divisor subdigraph G(k)f ,2 contains a t-cycle if and only if there exists a positive
integer d such that gcd(d,k) = 1 and i ∈ {1, . . . , r} such that t = ordd k and d | λ( f /Peii ).
Proof. It is clear for t = 1. Assume that t > 1 and let g be a vertex of a t-cycle in G(k)f ,2. Then
gcd(g, f ) > 1. Since gcd(gcd(g, f ), f ∗) = 1, f ∗ | ( f /Peii ) for some i ∈ {1, . . . , r}. By Theorem 1.1(2),
λ( f ∗) | λ( f /Peii ). Let d = ord f ∗ g . It follows from Theorem 3.1(3) that gcd(d,k) = 1, t = ordd k and
d | λ( f ∗). Thus, d | λ( f /Peii ).
On the other hand, suppose that d is a positive divisor of λ( f /Peii ) for some i ∈ {1, . . . , r} such that
gcd(d,k) = 1. Let t = ordd k and f i = f /Peii . By Theorem 1.1(3), there exists an h and h ∈ (A/ f A)∗ such
that ord f i h = λ( f i). Then ord f i hλ( f i)/d = d. Since d | (kt − 1) but d  (ki − 1) whenever 1  i < t , t is
the least positive integer for which
h(λ( f i)/d)
kt−1 ≡ 1 mod f i .
By the Chinese remainder theorem, we have g ∈ A such that
g ≡ 0 mod Peii and g ≡ hλ( f i)/d mod f i
since gcd(Pei , f i) = 1. Hence,
gk
t − g = g(gkt−1 − 1)≡ 0 mod f .
Since t is the least positive integer for which gk
t−1 ≡ 1 mod f i and Pi | g , g is a vertex of a t-cycle
in G(k)f ,2. 
Next, we determine the number of t-cycles.
Theorem 3.4. Let t be a positive integer and p  (kt − 1). The number of t-cycles in G(k)f ,1 is given by
Ct,(k)f ,1 =
1
t
[
r∏
i=1
gcd
(|Pi| − 1,kt − 1)− ∑
d|t,d =t
dCd,(k)f ,1
]
.
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kt ≡
g mod f , so g(gk
t−1 − 1) ≡ 0 mod f . Since gcd(g, f ) = 1, g is a vertex in a t-cycle in G(k)f ,1 if and
only if
gk
t−1 ≡ 1 mod f . (3.4)
Notice that h in G(k)f ,1 satisﬁes h
kt ≡ h mod f if and only if h is a vertex in d-cycle of G(k)f ,1 for some
d | t and the number of vertices in a d-cycle is dCd,(k)f ,1 . From Theorem 2.1, the number of vertices in
G(k)f that satisfy Eq. (3.4) is equal to
∏r
i=1 gcd(|P | − 1,kt − 1) −
∑
d|t,d =t dC
d,(k)
f ,1 . Consequently,
Ct,(k)f ,1 =
1
t
[
r∏
i=1
gcd
(|Pi | − 1,kt − 1)− ∑
d|t,d =t
dCd,(k)f ,1
]
,
as required. 
Theorem 3.5. Let t be a positive integer and p  (kt − 1). The number of t-cycles in G(k)f is given by
Ct,(k)f =
1
t
[
r∏
i=1
(
gcd
(|Pi | − 1,kt − 1)+ 1)− ∑
d|t,d =t
dCd,(k)f ,1
]
.
Proof. Since gk
t−1 ≡ 1 mod f , g(gkt−1 − 1) ≡ 0 mod f for all vertices g of G(k)f . Then for each
i = 1,2, . . . , r,
g ≡ 0 mod Peii or gk
t−1 ≡ 1 mod Peii .
Thus, the number of solutions is gcd(|Pi | − 1,kt − 1) + 1 for all i = 1,2, . . . , r, and so the formula is
proved. 
Now, we work on the distance from any vertex to the unique cycle in the component of our
digraph G(k)f ,1. It is easy to see that a vertex g ∈ (A/ f A)∗ is on a cycle if and only if ord f g is a divisor
of kt − 1 for some positive integer t .
Theorem 3.6. Let k = pk11 . . . pkss , where p1, . . . , ps are distinct primes and ki  1 for all i. Write λ( f ) =
pl11 . . . p
ls
s m, where li  0 for all i and gcd(p1 . . . ps,m) = 1. For each component of G(k)f ,1 , the maximum dis-
tance from a vertex in the component to the unique cycle of the component is equal to
l = max
1is
li/ki.
Proof. Let z ∈ (A/ f A)∗ . Since ord f z divides λ( f ), ord f z = p j11 . . . p jss r for some ji  li for all i ∈{1, . . . , s} and r |m. For i ∈ {1, . . . , s}, we have li/ki  li/ki, and so
ji  li  kili/ki kil. (3.5)
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ord f z
kl = ord f z
gcd(kl,ord f z)
= p
j1
1 . . . p
js
s r
gcd(pk1l1 . . . p
ksl
s , p
j1
1 . . . p
js
s r)
= r.
Since r |m and gcd(k,m) = 1, gcd(k, r) = 1, so r | (kφ(r) −1) by Euler’s theorem. Thus, zkl is on a cycle.
Hence, the distance from a vertex in the component of G(k)f ,1 to the unique cycle of the component is
at most l.
Next, we assume that g ∈ (A/ f A)∗ is a vertex on a t-cycle. Let d = ord f g . Then t is the least
positive integer such that d | (kt − 1), so gcd(k,d) = 1. We shall ﬁnd a vertex in the component to
g of distance l. From Theorem 1.1(3), there exists an h ∈ (A/ f A)∗ such that ord f h = λ( f ). Choose
w = hm . Then
ord f w = ord f hm = ord f hgcd(m,ord f h) = p
l1
1 . . . p
ls
s
and the inequality (3.5) implies ord f w divides kl , so wk
l = 1. Observe that
ord f g
k j = d
gcd(k j,d)
= d,
ord f
(
wgk
j )= lcm(ord f w,ord f gk j )= lcm(pl11 . . . plss ,d)= pl11 . . . plss d
and
(
wgk
j )kl = wkl gk j+l = gk j+l
for all nonnegative integers j. Write −l mod t for the remainder of the division of −l by t . Therefore,
wgk
−l mod t
is the initial vertex of a directed path of length l to g , so the maximum distance from a
vertex in the component to its unique cycle is equal to l. 
The above proof also yields a criterion for determining if a vertex in (A/ f A)∗ is on a cycle.
Theorem 3.7. For g ∈ (A/ f A)∗ , g is on a cycle if and only if k and ord f g are relatively prime.
Let
H = {w ∈ (A/ f A)∗: wk j = 1 for some j ∈ {0,1, . . . , l}},
where l is given in Theorem 3.6. We know that 1 is a ﬁxed point and every vertex in H is pointing
to 1. Hence, we have proved:
Theorem 3.8. The set H consists of all vertices of the component containing 1. Moreover, every vertex in H is
on the tree attached to the ﬁxed point 1.
Let g ∈ (A/ f A)∗ be a vertex on a t-cycle. The proof of Theorem 3.6 also gives that
Hg =
{
wgk
− j mod t
: w ∈ (A/ f A)∗ and wk j = 1 for some j ∈ {0,1, . . . , l}}
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the other hand, let h ∈ (A/ f A)∗ be a vertex on this tree pointing to g . Then hki = g for some i ∈
{0,1, . . . , l}. Note that s ∈ (A/ f A)∗ is a root xki = g if and only if sh−1 is a root of xki = 1. Hence, we
obtain a one-to-one correspondence between H and Hg preserving the tree structure. Therefore, we
have shown another important consequence.
Corollary 3.9. Let g ∈ (A/ f A)∗ be a vertex on a t-cycle. Then the tree attached to g is isomorphic to the tree
attached to 1. Furthermore, any two components in G(k)f ,1 containing t-cycles are isomorphic.
Remark. The same technique is used to prove the parallel result for the digraph associated with the
square mapping on quotient rings over the Gaussian integers in [1].
As an application of the Chinese remainder theorem, we can represent the digraph G(k)f by the
digraph product G(k)f1 × G
(k)
f2
, where f = f1 f2, deg( f1)  1, deg( f2)  0, f1 and f2 are monic and
gcd( f1, f2) = 1. The following results on cycle vertices are presented using this decomposition. They
will be used to prove the main theorem in the next section.
Theorem 3.10. Let g = (g1, g2) be a vertex in G(k)f = G(k)f1 × G
(k)
f2
. Then g is a cycle vertex in G(k)f if and only
if gi is a cycle vertex in G
(k)
f i
for i = 1,2.
Proof. Suppose that g = (g1, g2) is a cycle vertex in G(k)f , where g1 and g2 are vertices in G(k)f1
and G(k)f2 , respectively. Then g
kt ≡ g mod f for some t ∈ N. That is,
(g1, g2) = g = gkt =
(
gk
t
1 , g
kt
2
)
mod f .
Hence,
gk
t
1 ≡ g1 mod f1 and gk
t
2 ≡ g2 mod f2.
Conversely, we assume that gi is a cycle vertex in G
(k)
f = G(k)f i for i = 1,2. Then there exist positive
integers t1 and t2 such that
gk
t1
1 ≡ g1 mod f1 and gk
t2
2 ≡ g2 mod f2.
Choose t3 = lcm(t1, t2). Therefore,
gk
t3
1 ≡ g1 mod f1 and gk
t3
2 ≡ g2 mod f2,
which yield
(g1, g2)
kt3 = (gkt31 , gkt32 )= (g1, g2) mod f .
This means that g = (g1, g2) is a cycle vertex in G(k)f . 
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(k)
f1
and let L(k)f2 be a union of components of G
(k)
f2
. Then
J (k)f1 × L
(k)
f2
is a union of components of G(k)f1 × G
(k)
f2
. Moreover, if
L(k)f2 =
m⋃
i=1
L(k)f2,i,
where L(k)f2,i are distinct components of G
(k)
f2
for i = 1,2, . . . ,m, then
J (k)f1 × L
(k)
f2
=
m⋃
i=1
J (k)f1 × L
(k)
f2,i
,
where the above union is a disjoint union.
Proof. We ﬁrst prove that J (k)f1 × L
(k)
f2
is a union of components of G(k)f1 × G
(k)
f2
. Let h = (h1,h2) be a
vertex of J (k)f1 × L
(k)
f2
and let g = (g1, g2) be a cycle vertex in Gkf = G(k)f1 ×G
(k)
f2
such that hk
a ≡ g mod f
for some nonnegative integer a. It suﬃces to show that g is a vertex of J (k)f1 × L
(k)
f2
and that each
vertex s = (s1, s2) in G(k)f1 × G
(k)
f2
such that sk
i ≡ g mod f for some i  0 is also in J (k)f1 × L
(k)
f2
.
We note that (g1, g2) = (h1,h2)ka = (hka1 ,hk
a
2 ). Since the component of G
(k)
f1
containing the vertex
h1 is also a component of J
(k)
f1
, it follows that g1 ≡ hka1 mod f1 is a vertex in J (k)f1 . Similarly, g2 is a
vertex in L(k)f2 . Thus, g = (g1, g2) is a vertex in J
(k)
f1
× L(k)f2 .
Next, let s = (s1, s2) be a vertex in G(k)f1 × G
(k)
f2
such that
sk
i ≡ g mod f
for some i  0. Since g1 is a cycle vertex in J (k)f1 and since the component of G
(k)
f1
containing a vertex
g1 is also a component of J
(k)
f1
, it follows that s1 is a vertex in J
(k)
f1
. Similarly, s2 is a vertex in L
(k)
f2
.
Hence, s = (s1, s2) is a vertex in J (k)f1 × L
(k)
f2
.
Finally, we prove that J (k)f1 × L
(k)
f2
=⋃mi=1 J (k)f1 × L(k)f2,i . Since the components L(k)f2,1, L(k)f2,2, . . . , L(k)f2,m
are disjoint, we see that the above union is a disjoint union. Clearly, if (g,h) is a vertex in J (k)f1 × L
(k)
f2
,
then g ∈ J (k)f1 and h ∈ L
(k)
f2,i
for some i ∈ {1,2, . . . ,m}. Hence, the set on the left-hand side is the union
of the sets on the right-hand side. 
4. Symmetric digraphs
Let M  2 be an integer. The digraph G(k)f is said to be symmetric of order M if its set of compo-
nents can be partitioned into subsets of size M and each containing M isomorphic components. In
this section, we present some conditions when our digraphs are symmetric. The main theorem is as
follows.
Theorem 4.1. Let f = f1 f2 , where deg f1  1 and gcd( f1, f2) = 1. Let k 2 and M  2 be integers. Let J (k)f1
be a disjoint union of exactly M distinct components of G(k)f1 such that these components are all isomorphic and
at least one of these components is in G(k)f1,1 . Let L
(k)
f2
be a disjoint union of components of G(k)f2 . Then J
(k)
f1
× L(k)f2
is a disjoint union of components of G(k)f = G(k)f × G(k)f , which is symmetric of order M.1 2
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(k)
f2
. By Theorem 3.11, it suﬃces to prove that J (k)f1 × R
(k)
f2
is
symmetric of order M . Since J (k)f1 is a union of M isomorphic components of G
(k)
f1
, each cycle in J (k)f1
is a t-cycle for some ﬁxed positive integer t . Let the M t-cycles in J (k)f1 be labeled as
〈g1, g2, . . . , gt〉, 〈gt+1, gt+2, . . . , g2t〉, . . . , 〈g(M−1)t+1, g(M−1)t+2, . . . , gMt〉.
Suppose that the cycle in the component R(k)f2 is the d-cycle 〈h1,h2, . . . ,hd〉. It follows from Theo-
rem 3.10 that the cycle vertices in J (k)f1 × R
(k)
f2
are vertices of the form (gi,h j), where 1 i  Mt and
1 j  d. Let
e = lcm(t,d) = td
gcd(t,d)
. (4.1)
It is easily seen that e is the least positive integer such that
(gi,h j)
ke = (gkei ,hkej )= (gi,h j).
Thus, each cycle in J (k)f1 × R
(k)
f2
is an e-cycle. Since each component has a unique cycle and there are
Mtd cycle vertices in J (k)f1 × R
(k)
f2
, Eq. (4.1) shows that there are exactly
Mtd
e
= M gcd(t,d)
components in J (k)f1 × R
(k)
f2
.
We now prove that these M gcd(t,d) components are all isomorphic. Obviously, in each cycle of
J (k)f1 × R
(k)
f2
, there exists a cycle vertex (a,b) for which b = h1. Let W (gi,h1) denote the component
in J (k)f1 × R
(k)
f2
containing the cycle vertex (gi,h1), where 1 i  Mt . Note that it might happen that
the component W (gi,h1) is the same as the component W (g j,h1) when gi = g j . We shall ﬁnish the
proof by showing that W (g1,h1) is isomorphic to W (gi,h1) for all i such that 2 i  Mt .
Let W (gi) be the component in J
(k)
f1
containing the cycle vertex gi , where 1  i  Mt . By the
hypothesis, there exists a digraph isomorphism γi of W (g1) onto W (gi). Since γi maps vertices of a
given height into vertices of the same height, it follows that
γi(g1) = g j
for some cycle vertex g j in W (gi). By Corollary 3.9, all the trees attached to cycle vertices of the com-
ponent W (gl) are isomorphic when W (gl) is also a component of G
(k)
f1,1
. Thus, it follows that all the
trees attached to cycle vertices of the M isomorphic components of J (k)f1 are themselves isomorphic
to each other. Hence, there exists a digraph automorphism μ ji of W (gi) such that
μ ji(g j) = gi .
Let the digraph isomorphism λi of W (g1) onto W (gi) be given by λi = μ ji ◦ γi . Then
λi(g1) = gi .
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(k)
f1
× R(k)f2 , where 2 i  Mt , by
Fi(a,b) =
(
λi(a),b
)
for all vertices (p,q) in W (g1,h1). We shall see that Fi is indeed a digraph isomorphism from
W (g1,h1) to W (gi,h1), which establishes our result. We ﬁrst show that Fi maps W (g1,h1) into
W (gi,h1). Let (a,b) be a vertex in W (g1,h1). Then
(a,b)k
j = (ak j ,bk j )= (g1,h1)
for some positive integer j. Since λi is a digraph isomorphism from W (g1) onto W (gi), we obtain
Fi
(
(a,b)k
j )= Fi((ak j ,bk j ))= (λi(ak j ),bk j )= (λi(g1),h1)= (gi,h1).
Thus, Fi(a,b) is a vertex in W (gi,h1) as desired. Clearly, Fi is one-to-one because λi is. We now
prove that Fi is onto. Let (a′,b′) be a vertex in W (gi,h1). Let λ−1i (a
′) = a. Since λ−1i is a digraph
isomorphism from W (gi) onto W (g1), (a,b′) is a vertex in W (g1,h1). Then
Fi
(
a,b′
)= Fi(λi(λ−1i (a′)),b′)= (a′,b′),
so Fi is onto. Since λi is edge-preserving, we have
[
Fi
(
(a,b)
)]k = [(λi(a),b)]k = ([λi(a)]k,bk)= (λi(ak),bk)= Fi(ak,bk)= Fi((a,b)k),
for all vertices (a,b) in W (g1,h1). This veriﬁes the edge-preserving property of Fi . 
Theorem 4.2. Let f = f1 f2 , where deg f1  1, deg f2  0, f1 and f2 are monic, and gcd( f1, f2) = 1. Sup-
pose that p  k and f1 = P1P2 . . . Ps, where the Pi ’s are distinct monic irreducible polynomials and s  1. If
k ≡ 1 mod (lcm1is(|Pi | − 1)), then G(k)f is symmetric of order |P1||P2| . . . |Ps| = qdeg f1 .
Proof. Consider G(k)f1 , we have
C1,(k)f1 =
s∏
i=1
(
gcd
(|Pi| − 1,k − 1)+ 1)= s∏
i=1
|Pi| = |P1||P2| . . . |Ps|.
Since the number of vertices in G(k)f1 is equal to q
deg f1 = |P1||P2| . . . |Ps|, all vertices are ﬁxed points.
Thus, by Theorem 4.1, G(k)f is symmetric of order |P1||P2| . . . |Ps| = qdeg f1 . 
Theorem 4.3. Let P ∈ A be irreducible and let k 2 be an integer such that p  k.
(1) If e  1, then indeg(k)Pe 0 = |P |e−e/k.
(2) If p  (k − 1) and e  2, then G(k)Pe is not symmetric of any order M  2.
Proof. We ﬁrst note by Theorem 3.4 that the number of ﬁxed points in G(k)Pe ,1 is
C1,(k)Pe,1 = gcd
(|P | − 1,k − 1) 1.
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indeg(k)Pe g = gcd
(|P | − 1,k) ≡ 0 mod p.
Clearly, 0 is the only one ﬁxed point in G(k)Pe ,2. Observe that c
k ≡ 0 mod Pe if and only if P e/k | c.
This implies ck ≡ 0 mod Pe if and only if c = hP e/k for some h ∈ A such that h = 0 or degh <
(e − e/k)deg P . Hence,
indeg(k)Pe 0 = q(e−e/k)deg P = |P |e−e/k
is divisible by p since e,k  2. Therefore, G(k)Pe cannot be partitioned into subsets of size M  2 and
each containing M isomorphic components. 
Furthermore, Theorem 4.1 and Corollary 3.9 give our ﬁnal theorem.
Theorem 4.4. Let f = f1 f2 , where deg f1  1, deg f2  0, f1 and f2 are monic, and gcd( f1, f2) = 1. Assume
that p  k. Suppose that λ( f1) = uv, where u is the largest divisor of λ( f1) relatively prime to k, and k ≡
1 mod u. Then the following statements hold.
(1) The digraph product G(k)f1,1 ×G
(k)
f2
is a subdigraph of G(k)f = G(k)f1 ×G
(k)
f2
, it is a union of components of G(k)f
and G(k)f1,1 × G
(k)
f2
is symmetric of order C1,(k)f1,1 .
(2) Let J (k)f1,1 be the union of the components in G
(k)
f1,1
whose cycles are t-cycles. If Ct,(k)f1,1 > 1, then J
(k)
f1,1
×G(k)f2
is a subdigraph of G(k)f = G(k)f1 × G
(k)
f2
and it is a union of components of G(k)f . Moreover, J
(k)
f1,1
× G(k)f2 is
symmetric of order Ct,(k)f1,1 .
5. Examples
We illustrate the results of the previous sections by the following two examples.
(1) Let A = F3[x], f (x) = x3 − x+1 and k = 4. Note that f (x) is irreducible over F3, and hence A/ f A
is a ﬁeld and (A/ f A)∗ is a cyclic multiplicative group of order 27 − 1 = 26. Then λ( f ) = 26 =
13 ·2, and so u = 13 and v = 2. Thus, d = 1 or 13. By Theorems 3.1 and 3.4, there are one 1-cycles
and two 6-cycles in G(4)f ,1. Thus, G
(4)
f ,2 is the only 0 isolated ﬁxed point and G
(4)
f ,1 consists of one
1-cycle with one directed edge pointing to the vertex 1, and two 6-cycles with one directed edge
pointing to each vertex since l = 1 by Theorem 3.6. We display the digraph G(4)f below.
(2) Let A = F3[x], f (x) = (x3 − x+ 1)x = f1(x) f2(x) and k = 14. Then λ( f ) = lcm(2,26) = 26 = 13 · 2,
so u = 13 and v = 2. Again, d = 1 or 13. By Theorems 3.1 and 3.4, there are 13 1-cycles G(14)f ,1 and
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(14)
f ,1
has indegree 4 from Theorem 2.1. The graph G(14)f ,1 also demonstrate the result in Corollary 3.2(1)
as k ≡ 1 mod u. Observe that G(14)f1,1 × G
(14)
f2
is a subgraph of G(14)f with 78 vertices and symmetric
of order 13 by Theorem 4.4(1). Using the Chinese remainder theorem, we may consider G(14)f ,1 as a
subgraph of G(14)f1,1 × G
(14)
f2
. Since there are 28 1-cycles and G(14)f1,1 × G
(14)
f2
is symmetric of order 13,
we have another set of 13 1-cycles with one directed edge pointing to each vertex in G(14)f1,1×G
(14)
f2
which completes this subgraph. Finally, we have three vertices and two cycles left in G(14)f . The
digraph G(14)f is shown with its isomorphic subgraph G
(14)
f1,1
× G(14)f2 below.
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